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TENSOR PRODUCT OF COHERENT SYSTEMS
L. BRAMBILA-PAZ AND ANGELA ORTEGA
Abstract. Let X be a smooth algebraic curve of genus g ≥ 2. A stable vector bundle
overX of degree d, rank n with at least k sections is called a Brill-Noether bundle of type
(n, d, k). By tensoring coherent systems, we prove that most of the known Brill-Noether
bundles define coherent systems of type (n, d, k) that are α-stables for all allowable α.
1. Introduction
Let X be a smooth projective algebraic curve over C of genus g ≥ 2. By a coherent
system of type (n, d, k) we mean a vector bundle of degree d and rank n together with a
linear subspace of its space of sections of dimension k.
In [18], [16], [23] was introduced a notion of stability for coherent systems which permits
the construction of moduli spaces. This notion depends on a real parameter α, and thus
leads to a family of moduli spaces. The different members in the family correspond to
different values of α. As α varies, the moduli spaces can change only when α passes
through one of a discrete set of points, called critical values. If k < n, the range of
parameter is a finite interval and the family has only finitely many distinct members.
If k ≥ n the range of the parameter is infinite; however, there is only a finite number
of distinct moduli spaces. Moreover, if G(α : n, d, k) is the moduli space of α-stable
coherent systems of type (n, d, k), there is a critical value, denoted by αL, such that for
all α, α′ > αL, G(α : n, d, k) = G(α
′ : n, d, k) ([6]).
Let B(n, d, k) be the Brill-Noether locus of the stable vector bundles over X of degree
d, rank n with at least k independent sections. A triple (n, d, k) is called a Brill-Noether
triple if B(n, d, k) 6= ∅ and a vector bundle in B(n, d, k) is called a Brill-Noether bundle
of type (n, d, k). It is clear that Brill-Noether bundles define coherent systems and for
α > 0 close to 0, they define α-stable coherent systems (see [5]). However, for arbitrary
choice of α it is not clear the relation between Brill-Noether bundles and stable coherent
systems. We are interested in studying this relationship.
The case k ≤ n have already been considered in [5] [6] and [7] and was proved that if
n ≤ d + (n− k)g and (n, d, k) 6= (n, n, n), Brill-Noether bundles define α-stable coherent
systems for all allowable α. Moreover, the set of such bundles is a Zariski open subset of
G(α : n, d, k).
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For general curves, if k = n + 1 and d ≤ g + n it was proved in [11] that there exist
Brill-Noether bundles which are α-stable for all α > 0. The existence of such bundles was
used to determine the structure of G(α : n, d, k) and to prove that αL = 0. For k > n
and n, d, k satisfying the relations in [21], Montserrat Teixidor i Bigas in [20] constructs
a singular curve and a limit of coherent system such that, on a generic curve, define a
coherent system that is α-stable for all α > 0 and the vector bundle is stable.
Our aim in this paper is to study the α-stability of coherent systems defined by the
Brill-Noether bundles given in [19] and [10]. Such bundles will be used to determine the
structure of G(α : n, d, k) and, in some cases, to determine the value of αL. Our results
for k > n will be for any curve and, even for the generic case, they extend beyond of those
in [20]. Furthermore, our methods give another proof of non-emptiness for those values
that are included.
In order to state our results we recall the following definitions and facts.
Denote by M(n, d) the moduli space of stable vector bundles of rank n and degree d.
If d > n(2g − 2), denote by Grass(s) the Grassmannian bundle over M(n, d) with fibre
the Grassmannian Grass(s,H0(E)).
From [15, Corollaire 3.14], every irreducible component of G(α : n, d, k) has dimension
greater or equal to the Brill-Noether number β(n, d, k) := n2(g−1)+1−k(k−d+n(g−1)).
Denote by G0(n, d, k) the first member of the moduli spaces family and by GL(n, d, k) the
last one. For coherent systems (E, V ) of type (n, d, k) with k ≥ 1 define Gg(n, d, k) and
U(n, d, k) as
Gg(n, d, k) := {(E, V ) : (E, V ) is generated by V with H
0(E∗) = 0}.
and
U(n, d, k) := {(E, V ) : (E, V ) is α− stable for all allowableα and E is stable},
We are interested in studying the non-emptiness of U(n, d, k), when (n, d, k) is a Brill-
Noether triple.
We now state our results.
Let 2 ≤ gs < n and k = n + s. If d < n + gs, it is known (see [19]) that there are
no semistable bundles of degree d, rank n with at least k independent sections; hence
G0(n, d, k) = ∅. Moreover, the non existence of semistable bundles also implies that (see
Theorem 5.1)
• if d < n+ gs, G(α : n, d, k) = ∅ for all α > 0.
If d ≥ n + gs, from [19] there are Brill-Noether bundles of type (n, d, k). In this case we
prove
• If d = n+ gs, (see Theorem 5.6)
(1) G(α : n, d, k) 6= ∅ for all α > 0;
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(2) G(n, d, k) := G(α : n, d, k) = G(α′ : n, d, k) for α, α′ > 0 i.e. αL = 0;
(3) U(n, d, k) 6= ∅. Moreover, U(n, d, k) = G(n, d, k) ⊂ Gg(n, d, k);
(4) G(n, d, k) is smooth irreducible of dimension β(n, d, k). Moreover, G(n, d, k) ∼=
M(s, d).
(5) For s ≥ 1, G(α : s, d, k) = G(n, d, k) for all α > 0.
• For d = n + sg + s′ with 0 < s′ < g (see Theorem 6.4);
(1) G(α : n, d, k) 6= ∅ for all α > 0;
(2) U(n, d, k) 6= ∅. Moreover, any (E, V ) ∈ U(n, d, n + s) is generically generated;
(3) G(α : n, d, k) has a smooth irreducible component G0(n, d, k) of dimension β.
Moreover, G0(n, d, k) is birationally equivalent to the Grassmanian bundle Grass(s′)
over M(s, d).
From Theorem 5.6, 6.4 and [7, Theorem A] we have that
• If 0 < d < 2n, there is an open set Z of B(n, d, k) such that any E ∈ Z defines
a coherent system that is α-stable for all α > 0. Moreover, for any Brill-Noether
triple (n, d, k), U(n, d, k) 6= ∅.
The idea of tensoring Brill-Noether bundles by line bundles with section was used in [10]
to produce Brill-Noether bundles of degree d > 2n. We use this idea and tensor coherent
systems of type (n, d, k) by coherent systems of type (1, d′, k′).
Let (E, V ) be a coherent system and L an effective line bundle. Choose a section s of L
and define the coherent system (E⊗L, V˜ ) where V˜ is the image of V in H0(E⊗L) under
the canonical inclusion H0(E) →֒ H0(E⊗L) induced by s. Raghavendra and Vishwanath
in [23, Lemma 1.5] proved that (E, V ) is α-stable if and only if (E ⊗ L, V˜ ) is α-stable.
We extend such Lemma as follows.
Let (L,W ) be a coherent system of type (1, d′, k′) and KL the kernel of the evaluation
map W ⊗ O → L. Let (E, V ) be a coherent system of type (n, d, k). If H0(KL ⊗ E) =
0, we identify W ⊗ V with the image of W ⊗ V in H0(E ⊗ L) under the inclusions
W ⊗ V →֒ W ⊗ H0(E) →֒ H0(E ⊗ L). Hence, (E ⊗ L, V ⊗W ) is a coherent system of
type (n, d+ nd′, kk′). For such coherent systems we prove (see Lemma 7.4)
(1.1)
• (E, V ) is k′α-stable if and only if (E ⊗ L, V ⊗W ) is α-stable.
We use (1.1) and Theorems 5.6, 6.4 and [7, Theorem A] to prove that most of the
Brill-Noether bundles in [10] are α-stables for all allowable α. Actually, we prove that
under the hypothesis that d = d′′+nd′ and k = k′k′′ with 0 < d′′ < 2n, n ≤ d′′+(n−k′′)g
and (n, d′′, k′′) 6= (n, n, n); and (d′, k′) satisfying one of the following conditions
(1) d′ ≤ 2g and β(1, d′, k′) ≥ 0 (see Theorem 7.9);
(2) d′ > 2g and k′ ≥ 1 and nd′ > (k − 1)d′′ (see Theorem 7.5),
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• G(α : n, d, k) 6= ∅ for all allowable α. Moreover, U(n, d, k) 6= ∅
For a hyperelliptic curve, under the same hypothesis on (n, d′′, k′′) and the assumptions
that k′ ≥ 1 and d′ = 2(k′ − 1) we prove
• G(α : n, d, k) 6= ∅ for all allowable α. Moreover, U(n, d, k) 6= ∅.
During the final stages of writing this paper, we came across the work in [8]. Our results
in Theorem 5.6 and 6.4 partly coincide with some of their results.
Notation
We will denote by K the canonical bundle over X , by KE and IE the kernel and image,
respectively, of the evaluation map V ⊗ O → E, H i(X,E) by H i(E), dimH i(X,E) by
hi(E), the rank of E by nE , the degree of E by dE. If W is a vector space, we denote
W ⊗O ⊗ E by W ⊗ E. If β : V → H and γ : W → H are injective homomorphism, we
will denote β(V ) ∩ γ(W ) ⊂ H by V ∩W .
2. Definitions and general results
We recall some definitions and facts of coherent systems we shall need. We refer the
reader to [6] and [4] and references cited therein for basic properties of coherent systems
on algebraic curves.
Let X be a smooth projective algebraic curve over C of genus g ≥ 2. A coherent system
over X of type (n, d, k) is a pair (E, V ) where E is a vector bundle over X of rank n,
degree d and V a linear subspace of H0(X,E) of dimension k. For any real number α > 0,
define the α-slope of the coherent system (E, V ) of type (n, d, k) as
µα(E, V ) := µ(E) + α
k
n
,
where µ(E) := d/n is the slope of the vector bundle E. A coherent subsystem (F,W ) ⊆
(E, V ) is a coherent system such that F ⊆ E and W ⊆ V ∩H0(F ). For any α, a coherent
system (E, V ) is α-stable (respectively α-semistable) if for all proper coherent subsystems
(F,W )
µα(F,W ) < µα(E, V ) (respectively ≤).
Denote by G(α : n, d, k) (respectively G˜(α : n, d, k)) the moduli space of α-stable
(respectively α-semistable) coherent systems of type (n, d, k). For non-emptiness of G(α :
n, d, k) with k ≥ 1 we need α > 0 and d > 0. Basic properties of G(α : n, d, k) have been
proved in [18], [16] and [23].
Most of the detailed results known are for k ≤ n (see [5], [7],[6]). For k = n+ 1 and X
general see [11], [3] and [6]. For k > n, on a generic curve, Montserrat Teixidor i Bigas
in [20] proved that, under the same relation as in [21], G(α : n, d, k) 6= ∅ and has an
irreducible component of the correct dimension. For d >> 0 see [1]. It is our purpose
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here to study the case k > n on any curve and under different conditions then those in
[20].
Every irreducible component of G(α : n, d, k) has dimension at least the Brill-Noether
number β(n, d, k) := n2(g − 1) + 1 − k(k − d + n(g − 1)). From the infinitesimal study
of the coherent systems if (E, V ) ∈ G(α : n, d, k), G(α : n, d, k) is smooth of dimension
β(n, d, k) in a neighbourhood of (E, V ) if and only if the Petri map
V ⊗H0(E∗ ⊗K)→ H0(E ⊗ E∗ ⊗K)
is injective.
Given a triple (n, d, k) denote by C(n, d, k) the set
C(n, d, k) := {α|0 ≤ α =
nd′ − n′d
n′k − nk′
with 0 ≤ k′ ≤ k, 0 < n′ ≤ n, and nk′ 6= n′k}.
An element α in C(n, d, k) is called a critical point. The set C(n, d, k) defines a partition
of the interval [0,∞). With the natural order on R, label the critical points as αi.
It is known (see [4] and [6]) that
(1) If α′, α′′ ∈ (αi, αi+1) then G(α
′ : n, d, k) = G(α′′ : n, d, k). Denote by Gi(n, d, k)
the moduli space G(α : n, d, k) for any α ∈ (αi, αi+1).
(2) For k < n, if α > d
n−k
, G(α : n, d, k) = ∅.
(3) For k ≥ n, there exists αL such that for any α, α
′ > αL, G(α : n, d, k) = G(α
′ :
n, d, k). Denote by GL(n, d, k) the moduli space G(α : n, d, k) for α > αL.
Let B(n, d, k) (respectively B˜(n, d, k)) be the Brill-Noether locus of stable (respectively
semistable) vector bundles. There is a natural map
φ : G0(n, d, k)→ B˜(n, d, k)
defined by (E, V ) 7→ E that is injective over B(n, d, k) − B(n, d, k + 1). Moreover, if
E ∈ B(n, d, k) then for any subspace V ⊆ H0(E) of dimension k, (E, V ) ∈ G0(n, d, k).
Remark 2.1. Let (E, V ) be a coherent system of type (n, d, k). From the definition of
α-stability and stability of a vector bundle we have that
(1) if n = 1, (E, V ) is α-stable for all α > 0;
(2) if (E, V ) ∈ G(α : n, d, k) and E is stable then (E, V ) is α′-stable for all 0 < α′ < α;
(3) if E is stable and for all subsystems (F,W ) ⊂ (E, V ), dimW
nF
≤ k
n
then (E, V ) is
α-stable for all α > 0.
For coherent systems of type (n, d, k) define U(n, d, k) as
U(n, d, k) := {(E, V ) : (E, V ) is α-stable for all allowable α and E is stable }.
By ``allowable´´ α we mean that if k < n, α < d
n−k
and if k ≥ n, α > 0.
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Note that G(α : n, d, k) could be non-empty for all α > 0, but U(n, d, k) = ∅. From the
openness of α-stability U(n, d, k) is an open subset of GL(n, d, k). Moreover, if GL(n, d, k)
is irreducible, U(n, d, k) is irreducible.
If k ≤ n and n ≥ 2, U(n, d, k) 6= ∅ if and only if n ≤ d+(n−k)g and (n, d, k) 6= (n, n, n)
(see [7, Theorem A]). Hence, the Brill-Noether bundles with k ≤ n are α-stable for all
allowable α.
Our aim is to study U(n, d, k) for k > n. In particular, the non-emptiness.
A coherent system (E, V ) can be defined as a triple (E, V, φE,V ) where V is a vector
space and ϕE,V : V ⊗O → E is a map such that the induced map ϕ
∗
E,V : V → H
0(E) is
injective. Moreover, we have the exact sequence
(2.1) 0→ KE → V ⊗O
ϕ(E,V )
→ E → H ⊕ τ → 0
where KE and H are vector bundles with H
0(KE) = 0 and τ a torsion sheaf.
If IE is the image of the evaluation map V ⊗O → E we split (2.1) as
(2.2) 0→ KE → V ⊗O → IE → 0
and
(2.3) 0→ IE → E → H ⊕ τ → 0.
If KE = 0, the coherent system is called injective. If H = 0, is called generically
generated and if also τ = 0, generated. Note that if (E, V ) is generically generated, the
rank of IE is n.
Remark 2.2. If (E, V ) is generated, the dual of the kernel of the evaluation map (i.e.
the vector bundle K∗E in (2.1)) is usually denoted as MV,E and if V = H
0(E), as ME .
Remark 2.3. If k ≤ n, recall from [7, Corollary 2.5] that every α-semistable coherent
system is injective, if d ≤ min{2n, n+ ng
k−1
}. Moreover, for any injective coherent system
(E, V ), H0(H∗) = 0. In particular, if k = n, H = 0.
If k > n, from [6, Proposition 4.4], there exists αgg such that for any α > αgg, a
α-semistable coherent system is generically generated. Actually, αgg ≤
d(n−1)
k
.
Remark 2.4. Note that if k > n and (E, V ) ∈ U(n, d, k), E is semistable and generically
generated.
For any (n, d, k) define Gg(n, d, k) as
Gg(n, d, k) := {(E, V ) : (E, V ) is of type (n, d, k) and it is generated with H
0(E∗) = 0}
Remark 2.5. Let (E, V ) ∈ Gg(n, d, k). From [11, Proposition 2.5],
(1) if Gg(n, d, k) 6= ∅, k > n;
(2) any quotient coherent system (Q,Z) is generated;
(3) if k = n+ s with s ≥ 1, for any subsystem (F,W ) ⊂ (E, V ), h0(F ) ≤ nF + s− 1;
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(4) if d ≥ 2gn, Gg(n, d, k) 6= ∅ for k ≥ n + 1;
(5) if E semistable and k = n+ 1, (E, V ) is α-stable for all α > 0.
Given (G, V ) ∈ Gg(n, d, k), we have the exact sequence
(2.4) 0→M∗V,G → V ⊗O → G→ 0
with H0(M∗V,G) = 0. The vector bundle MV,G is generated by V
∗ and (MV,G, V
∗) is called
the dual span of (G, V ). Moreover, if (n, k) = 1, (G, V ) is α-stable for large α if and only
if (MV,G, V
∗) is α-stable for large α (see [6, Corollary 5.10]).
Remark 2.6. In particular, if (L, V ) ∈ Gg(1, d, k), the dual span (MV,L, V
∗) is α-stable
for large α, since (L, V ) is α-stable for all α.
Let G be a stable of degree d > 2gn. In [12] Butler proved that MG is stable and
Mercat in [19] gives an isomorphism between G0(n, n+ sg, n+ s) and G0(s, n+ sg, n+ s)
for sg < n. In section §4 we will study this relation for all α > 0.
If X is general and g > n2−1, using the dual span correspondence, Butler in [13] gave a
birrational map between G0(n, d, n+1) and G0(1, d, n+1). The dual span correspondence
was also used in [6, Theorem 5.11] to give necessary and sufficient conditions for non-
emptiness of GL(n, d, n + 1) and in [11, Theorem 4.7] to prove non-emptiness and to
describe the structure of G(α : n, d, n+ 1) for all α > 0.
Remark 2.7. The vector bundles MV,G have been studied from different points of view
(see e.g. [14], [22] [2]). The existence of line bundle of degree d with MV,L stable and
dimV = n+ 1, has been proved in the following cases;
(1) d ≥ 2g and d+ (1− g) ≥ n+ 1 ≥ 2 (see [19]and [12]).
(2) If K is the canonical bundle and X is non-hyperelliptic (see [22]).
(3) If X is general and n+ g − g
n+1
≤ d ≤ g + n (see [11], [13] and [24]).
(4) If X is general and; d ≥ n+ g − g
n+1
and g ≥ n2 − 1 (see [11]and [13]).
Remark 2.8. Note that if Gg(n, d, k) 6= ∅, from [22, Proposition 3.2], Gg(n, d, n+1) 6= ∅
and by the dual span correspondence Gg(1, d, n+ 1) 6= ∅.
3. Brill-Noether Bundles
In this section, we recall some facts and the construction of the Brill-Noether bundles
in [9], [19] and [10].
First we recall from [19] a Proposition that will be used.
Proposition 3.1. [19, Proposition A.2] Let F be a vector bundle of rank n and degree
d such that H0(F ∗) = 0. If the maximal semistable subbundle of F has slope < 2 then
h0(F ) ≤ n+ d−n
g
.
Let E be a stable bundle of degree d and rank n ≥ 2.
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• If d > n(2g − 2), U(n, d, k) = ∅ for k > d+ n(1− g);
• if d ≥ 2gn, Gg(n, d, k) 6= ∅;
• if 0 < d < n and k > n, U(n, d, k) = ∅ (see [9]).
Remark 3.2. If 0 < d < 2n, there exist stable vector bundles of rank n and degree d with
k independent sections if and only if n ≤ d+(n−k)g and (n, d, k) 6= (n, n, n) (see [9] and
[19]). Therefore, G0(n, d, k) 6= ∅ if and only if n ≤ d + (n− k)g and (n, d, k) 6= (n, n, n).
Moreover, if n > d+ (n− k)g, U(n, d, k) = ∅.
If 0 < d < 2n, stable bundles with k ≤ n define injective coherent systems that are
α-stable for all allowable α (see [6], [5] and Remark 2.3). Hence U(n, d, k) 6= ∅.
For k > n, we know from [19, 2-B1] that any such stable bundle A fits in an exact
sequence
(3.1) 0→ G∗ → H0(A)⊗O → A→ 0.
where G is a stable bundle of rank s, slope > 2g and from Proposition 3.1, h0(G) =
h0(A) = k. Actually, A = MG and the coherent system (A,H
0(A)) is in G0(n, d, k) and
it is generated. Moreover, (G,H0(G)) ∈ G0(s, d, k).
If W is a general subspace of H0(A) of dimW = s′, we have the exact sequence
(3.2) 0→W ⊗O → A→ B → 0.
From [19, 3-B1] and its proof, we know that any such bundle B that fitting in the exact
sequence (3.2) is stable.
Remark 3.3. Note that the condition d > 2gs with 0 < d < 2n is equivalent to 0 < gs <
n and d ≥ n+ gs. Moreover, if k = n+ s,
d ≥ n + gs ⇐⇒ n ≤ d+ (n− k)g.
Remark 3.4. In particular, if d = (n+s′)+sg, with 0 < s′ < g, h0(G) = h0(A) = (n+s′)+
s. Moreover, nB = n, and from Proposition 3.1, h
0(B) = n+ s and H0(A) =W ⊕H0(B).
The coherent system (B,H0(B)) is in G0(n, d, k) and it is generated.
From the cohomology sequence of (3.2) and Remark 3.4 we have that the coboundary
map δ : H0(B)→ H1(O)⊗W is the zero map and hence, we have the following diagram
(3.3)
0 0
↓ ↓
G∗ = G∗
↓ ↓
0 → W ⊗O → H0(A)⊗O → H0(B)⊗O → 0
‖ ↓ ↓
0 → W ⊗O → A → B → 0.
↓ ↓
0 0
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Actually, B =MW,G. Thus, we can state Mercat’s results as follows
Theorem 3.5. [19, The´ore`me B.1. and The´ore`me A.1] Let G be a stable vector bundle
of rank s and degree dG > 2gs. For a general generated subspace W ⊆ H
0(G), MW,G is
stable and generated of slope < 2.
From the construction of the stable bundles MW,G we have the following Proposition
Proposition 3.6. The Petri map for (MW,G,W
∗) is injective.
Proof. The kernel of the Petri map
W ∗ ⊗H0(M∗W,G ⊗K)→ H
0(MW,G ⊗M
∗
W,G ⊗K)
is H0(G∗ ⊗M∗W,G ⊗K).
Since MW,G ⊗ G is semistable and µ(MW,G ⊗G) > 2g > 2g − 2, H
0(M∗W,G ⊗G
∗ ⊗K).
Thereby, the Petri map is injective. 
The stable vector bundles MW,G in Theorem 3.5, together with the stable bundles with
k ≤ n, and 0 < d < 2n were tensored in [10], by line bundles with sections to produce
Brill-Noether bundles with d > 2n.
Remark 3.7. Actually, let d = d′′ + nd′ with d′ ≥ (k′ − 1)(k′ + g)/k′, 0 < d′′ < 2n
and 1 ≤ k′ ≤ g. It was proved in [10, Theorem 3.2] that if n ≤ d′′ + (n − k)g and
(d′′, k) 6= (n, n), B(n, d, k′k) 6= ∅. Furthermore, applying the Serre duality, B(n, 2n(g −
1) − d, k′k − d + n(g − 1)) 6= ∅. Moreover, such bundles determine a region in the Brill-
Noether map (see [9]) that extends beyond the region determined by the stable bundles
in [21] (see [10, Section 5].
We want to study the coherent systems defined by the stable bundles MW,G ⊗ L with
L a line bundle with sections.
Let (E, V ) be a coherent system of type (n, d, k) and (F,W ) a subsystem of (E, V ).
To study the stability of a coherent system we can restrict to subsystems of the form
(F,H0(F )
⋂
V ) since µα(F,W ) ≤ µα(F,H
0(F )
⋂
V ) for all α > 0. Assume E is stable
and k > n. If h0(F ) ≤ nF , µα(F,W ) < µα(E, V ), for all α > 0. If h
0(F ) > nF we have
the following Lemma.
Lemma 3.8. Let (F,W ) be a coherent system with h0(F ) > nF . If H
0(F ∗) 6= 0 and F ∼=
Or ⊕G with r ≥ 1 and H0(G∗) = 0, h
0(F )
nF
< h
0(G)
nG
. Moreover, µα(F,W ) < µα(G,H
0(G))
for all α > 0.
Proof. If F ∼= Or ⊕G with H0(G∗) = 0, r ≥ 1 and h0(F ) > nF ,
(3.4)
h0(F )
nF
=
r + h0(G)
nF
<
h0(G)
nF − r
=
h0(G)
nG
.
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Moreover, dF = dG and r + nG = nF < h
0(F ) = r + h0(G). Hence, µ(F ) < µ(G) and
from (3.4), µα(F,W ) < µα(G,H
0(G)) for all α > 0.

Remark 3.9. From Lemma 3.8, in order to prove the α-stability of coherent system (E, V )
with E stable we can just consider, without loss of generality, subsystems (F, V
⋂
H0(F ))
that satisfies h0(F ) > nF , H
0(F ∗) = 0.
4. Coherent systems of type (n, d, n+ 1)
For a general curve it was proved in [11] that G(α : n, d, n + 1) 6= ∅ if and only if
g ≥ β(1, d, n + 1) ≥ 0 and if g = β , n ∤ g. Moreover, if β ≥ 0 then G(n, d, n + 1) :=
G(α : n, d, n+1) = G(α′ : n, d, n+1) for all α, α′ > 0. For d > g+n, the geometry of the
GL(n, d, n+ 1) was described in [3].
For any curve we have the following Propositions. Note that there is an overlap between
them, but the proofs illustrate different methods that could be used for k > n + 1.
Proposition 4.1. If d ≥ n+ g and n ≥ g, U(n, d, n+ 1) 6= ∅.
Proof. Let L be a line bundle of degree d ≥ 2g. Hence, h0(L) = d+1− g. Moreover, it is
generated and from [22, Proposition 3.2] a general subspace V of dimension d + 1 − g ≥
n+1 ≥ 2 generates L. By Theorem 3.5, MV,L is stable and from Remark 2.6 and Remark
2.1 (MV,L, V
∗) is α-stable for all α > 0. Therefore, U(n, d, n + 1) 6= ∅. 
Proposition 4.2. If n+ g ≤ d < 2n and d′ ≥ 0,
• G(α : n, d+ nd′, n + 1) 6= ∅ for all α > 0;
• U(n, d + nd′, n+ 1) 6= ∅.
Proof. For any n + g ≤ d < 2n, there exists a generated stable bundle E (see Theorem
3.5). Moreover, from Remarks 2.8 and 2.5 there exists V ⊂ H0(E) such that (E, V ) ∈
Gg(n, d, n+1) and it is α-stable for all α > 0. Hence, U(n, d, n+1) 6= ∅. The Proposition
follows now from [23, Lemma 1.5]. 
Proposition 4.3. For any n ≥ 2 and d > 2gn, there exists (L,W ) ∈ Gg(1, d, n+1) such
that MW,L is stable. Moreover, U(n, d, n+ 1) 6= ∅.
Proof. Let G be stable of rank n and degree d > 2gn. Hence, G is generated and from
[22, Proposition 3.4] is generated by a subspace W ⊂ H0(G) of dimension n + 1.
The Proposition follows from the dual span correspondence since the dual of the kernel
of the evaluation map MW,G is a line bundle L. Hence, (G,W ) is αL-stable since (L,W )
is α-stable for all α > 0 (see [6, Corollary 5.10]). Moreover, G is stable, and hence (G,W )
is α-stable for all α > 0. Therefore, U(n, d, n+ 1) 6= ∅. 
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5. Coherent systems of type (n, d, n+ s)
To study G(α : n, d, n + s) with n + sg + s′ = d < 2n for any α > 0, we shall consider
three cases, depending on s′, namely
(1) d < n + sg;
(2) d = n + sg;
(3) d > n + sg.
In this section we will give a complete description of the moduli spaces G(α : n, d, k),
for d ≤ n + sg (see Theorem 5.6 and 5.1).
As we have seen (see Remark 3.2), if d < n+ sg, G0(n, d, n+ s) = ∅ and the emptiness
is related to the non-existence of semistable bundles of type (n, d, n + s). Our object in
this section is to generalize such relation to arbitrary α > 0 and prove
Theorem 5.1. If d < n+ gs, G(α : n, d, n+ s) = ∅ for all α > 0.
Remark 5.2. For general curves, Theorem 5.1 was proved in [11, Corollary 3.10].
We shall prove Theorems 5.1 and 5.6 by means of a sequence of Propositions.
The following Lemma follows at once from Proposition 3.1 and Lemma 3.8.
Lemma 5.3. Let E and F be vector bundles with µ(F ) ≤ µ(E) < 2. If either F is
semistable or E semistable and F a subbundle of E,
(5.1)
h0(F )
nF
≤
µ(E)− 1
g
+ 1.
Recall from Remark 3.9 that if E is stable, without loss of generality, we can just
consider subsystems (F, V
⋂
H0(F )) that satisfies h0(F ) > nF , H
0(F ∗) = 0.
Proposition 5.4. Let (E, V ) be a coherent system of type (n, d, n+ s) with d ≤ n + sg,
0 < sg < n. If E is semistable, (E, V ) is α-semistable for all α > 0. Moreover, if E is
stable, (E, V ) is α-stable for all α > 0.
Proof. Let (F,W ) ⊂ (E, V ) be a subsystem with H0(F ∗) = 0. Since E is stable and
µ(E) < 2, from Lemma 5.3
(5.2)
dimW
nF
≤
h0(F )
nF
≤ 1 +
µ(E)− 1
g
≤
n+ s
n
.
Therefore, from (5.2) and the semistability of E, µα(F,W ) ≤ µα(E, V ) for all α > 0.
If E is stable µα(F,W ) < µα(E, V ) for all α > 0. 
Proposition 5.5. If (E, V ) is an α-stable coherent system of type (n, d, n + s) with
d ≤ n + sg, E is stable.
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Proof. Suppose Q is a stable quotient bundle such that µ(Q) ≤ µ(E) < 2.
From Lemma 5.3
h0(Q)
nQ
≤
µ(Q)− 1
g
+ 1 ≤
µ(E)− 1
g
+ 1 ≤
n + s
n
.
Hence, µα(Q,W ) ≤ µα(E, V ) which is a contradiction to the α-stability of (E, V ). There-
fore, E is stable. 
Proof of Theorem 5.1 If (E, V ) ∈ G(α : n, d, n + s), from Proposition 5.5, E is stable
which a contradiction (see Remark 3.2). Therefore, G(α : n, d, n+ s) = ∅ for all α > 0.

For d = n + sg we have the following Theorem.
Theorem 5.6. Let 2 ≤ gs < n and k = n+ s. If d = n+ gs,
(1) G(α : n, d, k) 6= ∅ for all α > 0;
(2) G(n, d, k) := G(α : n, d, k) = G(α′ : n, d, k) for α, α′ > 0 i.e. αL = 0;
(3) U(n, d, k) 6= ∅. Moreover, U(n, d, k) = G(n, d, k) ⊂ Gg(n, d, k);
(4) G(n, d, k) is smooth irreducible of dimension β. Moreover, G(n, d, k) ∼=M(s, d).
(5) G(α : s, d, k) = G(n, d, k) for all α > 0
Proof. From Theorem 3.5 there exists a generated coherent system (E, V ) inG0(n, d, n+s)
with E stable and from Proposition 5.4 (E, V ) is α-stable for all α > 0. Therefore,
G(α : n, d, n+s) 6= ∅ for all α > 0. The equality G(α;n, d, k) = G(α′;n, d, k) for α, α′ > 0
follows from Proposition 5.5. Part (4) follows from Proposition 3.6 and the dual span
correspondence gives the isomorphism G(n, d, n+ s) ∼=M(s, d).
Part (5) follows from [6, Corollary 5.10] and the dual span correspondence. Note that
in this case, for the dual span correspondence we do not need (n, k) = 1, since the vector
bundles are stable and the case k
′
n′
= k
n
is allowed (see [6, Corollary 5.10]).

6. Case d > n+ sg
Assume now that d = n+sg+s′ with 0 < s′ < g. From Remark 3.4, G0(n, d, n+s) 6= ∅.
For any (E, V ) ∈ G0(n, d, n+ s) we have the following Proposition.
Proposition 6.1. Any (E, V ) ∈ G0(n, d, n+ s) is generically generated.
Proof. Let (E, V ) ∈ G0(n, d, n+s) and IE be the image of the evaluation map V ⊗O → E.
If nI is the rank of IE , nI + r = n with r ≥ 0. Let IE = O
t ⊕ N with H0(N∗) = 0 and
t ≥ 0.
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Since, E is semistable µ(N) ≤ µ(E). From Lemma 3.8 and Proposition 3.1,
n+ s
nI
≤
h0(IE)
nI
≤
h0(N)
nN
and
nI + r + s
nI
≤ 1 +
µ(N)− 1
g
≤ 1 +
µ(E)− 1
g
= 1 +
s
n
+
s′
ng
.
Hence,
r
nI
≤
s′
ng
+
s
n
−
s
nI
≤
s′
ng
.
Since 0 < s′ < g, 0 ≤ r < 1. Therefore, r = 0 and hence (E, V ) is generically generated.

Let (B,H0(B)) ∈ G0(n, d, n + s) be the coherent system defined in section §3. Let
(F,H0(F )) ⊂ (B,H0(B)) be a coherent subsystem. Without loss of generality (see Re-
mark 3.9) we can assume that h0(F ) > nF , H
0(F ∗) = 0. Furthermore, the following
Lemma allow us to assume also that (F,H0(F )) is generically generated.
Lemma 6.2. Let (F,H0(F )) be a subsystem of (B,H0(B)) with h0(F ) > nF and H
0(F ∗) =
0. If (F,H0(F )) is not generically generated then there exists a generated subsystem
(N,H0(N)) ⊆ (B,H0(B)) with H0(N∗) = 0 such µα(F,H
0(F )) < µα(N,H
0(N)) for all
α > 0.
Proof. If h0(F ) = nF + b, from Proposition 3.1, nF + bg ≤ dF i.e. dF = nF + bg + b
′ with
g > b′ ≥ 0.
Assume (F,H0(F )) is not generically generated and let IF be the image of the evaluation
map H0(F )⊗O → F . If nI is the rank of IF , nI + r = nF with r ≥ 1.
Let IF = O
t ⊕N with H0(N∗) = 0 and t ≥ 0. Note that (N,H0(N)) is generated.
As in the proof of Proposition 6.1, from Lemma 3.8 we have that,
(6.1)
h0(F )
nF
<
nF + b
nI
=
h0(IF )
nI
≤
h0(N)
nN
.
Suppose µ(N) ≤ µ(F ). From Proposition 3.1,
nI + r + b
nI
≤ 1 +
µ(N)− 1
g
≤ 1 +
µ(F )− 1
g
= 1 +
b
nF
+
b′
nF g
.
Hence,
r
nI
<
b′
nF g
+
b
nF
−
b
nI
<
b′
nF g
.
Since b′ < g, r must have to be < 1, which is a contradiction. Therefore, µ(F ) < µ(N).
This last inequality together with (6.1) implies that µα(F,H
0(F )) < µα(N,H
0(N)) for
all α > 0. 
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Therefore, from Lemmas 3.8 and 6.2, to prove the α-stability of (B,H0(B)) we can
assume that the subsystems (F,H0(F )) are generically generated with h0(F ) > n and
H0(F ∗) = 0.
Proposition 6.3. (B,H0(B)) is α-stable for all α > 0. Moreover, U(n, d, n + s) 6= ∅.
Proof. Let (F,H0(F )) be a generically generated subsystem of type (nF , nF+bg+b
′, nF+b)
with H0(F ∗) = 0. Since B is stable, to prove the α-stability of (B,H0(B)) we need to
prove that b
nF
≤ s
n
.
From the stability of B
(6.2) 1 +
bg
nF
+
b′
nF
= µ(F ) < µ(B) = 1 +
sg
n
+
s′
n
.
Thus, if s
′
n
≤ b
′
nF
, from (6.2), b
nF
< s
n
and hence, µα(F,H
0(F )) < µα(B,H
0(B)) for all
α > 0.
Assume s
′
n
> b
′
nF
.
Since (IF , H
0(F )) is generated, the exact sequence (2.2) fits in the following diagram
(6.3)
0 0 0
↓ ↓ ↓
0 → KF → H
0(F )⊗O → IF → 0
↓ ↓ ↓
0 → M∗B → H
0(B)⊗O → B → 0.
By construction, MB is a stable bundle of degree d > 2gs and rank s. From the stability
of MB and diagram (6.3) we have
n+ sg + s′
s
= µ(MB) < µ(K
∗
F ) =
dIF
b
<
nF + bg + b
′
b
.
That is,
(6.4)
n+ s′
s
<
nF + b
′
b
.
If
(6.5)
b
nF
>
s
n
,
s′ > b′ n
nF
> b
′s
b
i.e. s
′
s
> b
′
b
. But, from (6.4),
(6.6)
n
s
< nF
b
+ b
′
b
− s
′
s
< nF
b
,
which is a contradiction to (6.5). Hence, b
nF
≤ s
n
and, from the stability ofB, µα(F,H
0(F )) <
µα(B,H
0(B)) for all α > 0. Therefore, (B,H0(B)) is α-stable for all α > 0 and U(n, d, n+
s) 6= ∅. 
Theorem 6.4. If k = n + s and d = n+ sg + s′ with 0 < s′ < g and 2 ≤ gs < n,
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(1) G(α : n, d, k) 6= ∅ for all α > 0;
(2) U(n, d, k) 6= ∅. Moreover, any (E, V ) ∈ U(n, d, k) is generically generated;
(3) G(α : n, d, k) has a smooth irreducible component G0(n, d, k) of dimension β.
Moreover, G0(n, d, k) is birationally equivalent to the Grassmanian bundle Grass(s′)
over M(s, d).
Proof. Part (1) and (2) follows from Propositions 6.3 and 6.1, respectively. The first part
of (3) follows from Proposition 3.6.
For any G ∈M(s, d), let UG be the set
UG = {V ∈ Grass(s
′, H0(G)) : (G, V ) is generated with MV,G stable}.
By openness of stability, UG is an open set of Grass(s
′, H0(G)). The open sets UG
for all G ∈ M(n, d) define an open set Z in the Grassmannian bundle Grass(s) over
M(n, d). The dual span correspondence define a coherent system in U(n, d, n+ s). From
the universal properties of the moduli space GL(n, d, k), the map from Z to G
0(n, d, k) is
regular and hence it gives a birrational equivalence. 
From Theorem 5.6 and 6.4 we conclude:
Corollary 6.5. For any Brill-Noether triple (n, d, k) with n < d < 2n and k > n with
n ≤ d+ (n− k)g, U(n, d, k) 6= ∅. Moreover, there is an open set Z of B(n, d, k) such that
any E ∈ Z defines a α-stable coherent system for all α > 0.
7. Tensoring coherent systems
Given two coherent systems (Ei, Vi) of type (ni, di, ki), with i = 1, 2, the pair (E1 ⊗
E2, V1 ⊗ V2) needs not to be a coherent system of type (n1n2, d1n2 + d2n1, k1k2).
However, to get a coherent system of type (n1n2, d1n2+d2n1, k1k2) tensor the associated
sequences (2.2) and (2.3) of (Ei, Vi) with Ej to get the following exact sequences
(7.1) 0→ KEi ⊗Ej → Vi ⊗ Ej → IEi ⊗Ej → 0
and
(7.2) 0→ IEi ⊗ Ej → Ei ⊗ Ej → H ⊗ Ej ⊕ τ → 0.
If H0(KEi ⊗ Ej) = 0,
(ϕ(Ei,Vi) ⊗ id)
∗ : Vi ⊗H
0(Ej)→ H
0(Ei ⊗Ej)
is injective and hence we identify Vi ⊗ Vj with the image of Vi ⊗ Vj in H
0(Ei ⊗ Ej)
under the inclusions Vi ⊗ Vj →֒ Vi ⊗H
0(Ej) →֒ H
0(Ei ⊗ Ej). In this case, we define the
tensor product of (Ej , Vj) by (Ei, Vi) to be the coherent system (Ei ⊗Ej , Vi ⊗ Vj) of type
(n1n2, d1n2 + d2n1, k1k2).
In this section we are interested in tensor coherent systems (E, V ) of type (n, d, k) by
coherent systems (L,W ) of type (1, d′, k′).
16 L. BRAMBILA-PAZ AND ANGELA ORTEGA
Given (L,W ) of type (1, d′, k′) we have the exact sequences
(7.3) 0→ KL → W ⊗O→IL → 0
and
0→ IL → L→τ → 0,
where IL is the image of the evaluation map W ⊗O → L.
Assume H0(KL ⊗E) = 0 and let (E ⊗L, V ⊗W ) be a coherent system of type (n, d+
nd′+kk′). To study the stability of (E⊗L, V ⊗W ) we want to describe H0(F )∩ (V ⊗W )
for any subbundle F ⊆ E ⊗ L. The following Lemmas will do it.
First recall that any subbundle F ⊆ E ⊗ L defines a subbundle F ′ ⊆ E ⊗ IL that fits
in the following diagram
(7.4)
0 0 0
↓ ↓ ↓
0 → F ′ → F → τ ′ → 0
↓ ↓ ↓
0 → IL ⊗E → L⊗E → τ → 0.
Lemma 7.1. H0(F ) ∩ (V ⊗W ) = H0(F ′) ∩ (V ⊗W ).
Proof. From the diagram (7.4), H0(F ′) = H0(F ) ∩H0(IL ⊗ E). Hence,
H0(F ′) ∩ (V ⊗W ) = H0(F ) ∩H0(IL ⊗ E) ∩ (V ⊗W )
= H0(F ) ∩ (V ⊗W ),
since H0(KL ⊗ E) = 0 and V ⊗W ⊆ H
0(E)⊗W ⊆ H0(IL ⊗ E). 
For the subbundle F ′ ⊂ E⊗IL, we have the exact sequences 0→ F
′ i→ IL⊗E
q
→ Q→ 0
and
(7.5) 0→ F ′ ⊗ I∗L → E
p
→ Q⊗ I∗L → 0
where Q is the quotient bundle.
Tensor (7.5) by the sequence (7.3) to get the following diagram
(7.6)
0 0 0
↓ ↓ ↓
0 → KL ⊗ F
′ ⊗ I∗L → KL ⊗ E
id⊗p
→ KL ⊗Q⊗ I
∗
L → 0
↓ ↓ ↓
0 → W ⊗ F ′ ⊗ I∗L → W ⊗E
id⊗p
→ W ⊗Q⊗ I∗L → 0
↓ ↓ ↓
0 → F ′ → IL ⊗ E
q
→ Q → 0
↓ ↓ ↓
0 0 0
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From the cohomology of (7.6), we have the following diagram
(7.7)
0
↓
0 0 → H0(KL ⊗Q⊗ I
∗
L) →
↓ ↓ ↓
0 → W ⊗H0(F ′ ⊗ I∗L) → W ⊗H
0(E)
id⊗p∗
→ W ⊗H0(Q⊗ I∗L) →
↓ ↓ ↓
0 → H0(F ′)
i∗
→ H0(IL ⊗ E)
q
→ H0(Q) →
↓ ↓ ↓
since H0(KL ⊗ E) = 0.
Lemma 7.2. H0(F ′) ∩ (W ⊗H0(E)) = W ⊗H0(F ′ ⊗ I∗L).
Proof. From the commutativity of diagram (7.7),
W ⊗H0(F ′ ⊗ I∗L) ⊆ (W ⊗H
0(E)) ∩H0(F ′).
To prove (W ⊗ H0(E)) ∩ H0(F ′) ⊆ W ⊗ H0(F ′ ⊗ I∗L) take any 0 6= a ∈ W . Hence,
< a > ⊗H0(E) ⊂W ⊗H0(E). From (7.7) we have the following diagram
(7.8)
0 0
↓ ↓
0 → < a > ⊗H0(F ′ ⊗ I∗L) → < a > ⊗H
0(E)
id⊗p∗
→ < a > ⊗H0(Q⊗ I∗L) →
↓ ↓ γ ↓ β
0 → H0(F ′)
i∗
→ H0(IL ⊗E)
q∗
→ H0(Q) →
Let {si} be a basis of H
0(E). Let
c = λa⊗
∑
νisi ∈< a > ⊗H
0(E)
be such that γ(c) ∈ i∗(H0(F ′)) ⊂ H0(IL⊗E). From diagram (7.8), q
∗(γ(c)) = 0 ∈ H0(Q)
i.e. q∗(γ(c)) is the zero section. Hence,
q∗(γ(c)) = β(id⊗ p∗)(c) = β(λa⊗ p∗(
∑
νisi)) = 0.
That is, for x ∈ X
(7.9) x 7→ β(id⊗ p∗)(c)(x) = λa(x)⊗ p∗(
∑
νisi)(x) = 0.
Since a ∈ W is a non-zero section, λa(x) = 0 only for a finite set of points xj ∈ X .
Hence, p∗(
∑
νisi) must be the zero section. That is,
∑
νisi ∈ ker (p
∗) = H0(F ′ ⊗ I∗L).
Therefore, if γ(c) ∈ i∗(H0(F ′)), c ∈< a > ⊗H0(F ′ ⊗ I∗L). Thereby, for all a ∈ W ,
(< a > ⊗H0(E)) ∩H0(F ′) ⊆< a > ⊗H0(F ′ ⊗ I∗L) ⊆ W ⊗H
0(F ′ ⊗ I∗L)
and hence,
(W ⊗H0(E)) ∩H0(F ′) ⊆W ⊗H0(F ′ ⊗ I∗L).
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Therefore, W ⊗H0(F ′ ⊗ I∗L) = (W ⊗H
0(E)) ∩H0(F ′). 
Moreover, for V  H0(E) we have the following Lemma
Lemma 7.3. H0(F ) ∩ (W ⊗ V ) =W ⊗ (H0(F ′ ⊗ I∗L) ∩ V ).
Proof. From the injectivity of the first two columns in diagram 7.7 it is clear that
W ⊗ (H0(F ′ ⊗ I∗L) ∩ V ) ⊆ H
0(F ′) ∩ (V ⊗W ).
Moreover, from Lemma 7.2
(7.10)
H0(F ′) ∩ (V ⊗W ) = H0(F ′) ∩ ((H0(E)⊗W ) ∩ (V ⊗W ))
= (H0(F ′) ∩ (H0(E)⊗W )) ∩ (V ⊗W )
= (H0(F ′ ⊗ I∗L)⊗W ) ∩ (V ⊗W )
⊆ (H0(F ′ ⊗ I∗L) ∩ V )⊗W.
Therefore, H0(F ′)∩ (V ⊗W ) = W ⊗ (H0(F ′⊗ I∗L)∩ V ) and the Proposition follows from
Lemma 7.1. 
For coherent systems (L,C) of type (1, d′, 1) we know (see [23, Lemma 1.5]) that (E, V )
is α-stable if and only if (E⊗L, V ) is α-stable. For coherent systems of type (1, d′, k′) we
have the following Lemma.
Lemma 7.4. Let (E, V ) be a coherent system of type (n, d, k) and (L,W ) of type (1, d′, k′).
Assume H0(KL ⊗ E) = 0. Then (E, V ) is k
′α-stable if and only if (E ⊗ L, V ⊗W ) is
α-stable. Moreover,
(1) if (E, V ) is αL-stable, (E ⊗ L, V ⊗W ) is αL-stable;
(2) if U(n, d, k) 6= ∅, U(n, d+ nd′, kk′) 6= ∅.
Proof. Note that if (F,H0(F ) ∩ (V ⊗ W )) is a subsystem of (E ⊗ L, V ⊗ W ), (F ′ ⊗
I∗L, H
0(F ′ ⊗ I∗L) ∩ V ) is a coherent subsystem of (E, V ), where F
′ is the subbundle of
IL ⊗ E that fits in (7.4).
The first part of the Lemma follows at once from the definitions and Lemmas 7.2 and
7.3 once we notice that µ(F )−µ(E⊗L) ≤ µ(F ′⊗ I∗L)−µ(E) and that for any subbundle
F ⊆ E ⊗ L
(7.11)
dim((W ⊗ V ) ∩H0(F ))
nF
=
k′ dim(H0(F ′ ⊗ I∗L) ∩ V )
nF
.
For the second part, if (E, V ) is αL-stable,
(7.12) 0 ≤
k
n
−
dim(H0(F ′ ⊗ I∗L) ∩ V )
nF
.
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From Lemmas 7.2 and 7.3
(7.13)
µ(F )− µ(E ⊗ L) ≤ µ(F ′ ⊗ I∗L)− µ(E)
< α( k
n
−
dim(H0(F ′⊗I∗L)∩V )
nF
)
< αk′( k
n
−
dim(H0(F ′⊗I∗
L
)∩V )
nF
)
= α(k
′k
n
−
dim((H0(F ′⊗I∗
L
)∩V )⊗W )
nF
)
= α(k
′k
n
− dim(H
0(F )∩(V ⊗W ))
nF
).
Therefore, µα(F,H
0(F ) ∩ (V ⊗ W )) < µα(E ⊗ L, V ⊗ W ) for α > αL and hence
(E ⊗ L, V ⊗W ) is α-stable for all α > αL. It is well known that if E is stable, E ⊗ L is
stable. Thereby, if (E, V ) ∈ U(n, d, k), (E ⊗ L, V ⊗W ) ∈ U(n, d + nd′, kk′).

Theorem 7.5. Suppose U(n, d, k) 6= ∅. If there exists a coherent system of type (1, d′, k′)
with KL semistable and (k
′ − 1)d < nd′, U(n, d + nd′, k′k) 6= ∅.
Proof. Let (E, V ) ∈ U(n, d, k). By hypothesis, KL ⊗ E is semistable of slope < 0, so
H0(KL ⊗ E) = 0. The Theorem follows at once from Lemma 7.4. 
Corollary 7.6. Let d′ ≥ 2g, k′ ≥ 2 with d(k′ − 1) < d′n. If U(n, d, k) 6= ∅, U(n, d +
nd′, k′k) 6= ∅.
Proof. Let L be a line bundle of degree d′ ≥ 2g and W a general subspace of H0(L) of
dimension k′ ≥ 2 that generates L. From Theorem 3.5, KL = M
∗
W,L is stable and has
slope d
′
k′−1
. Hence, if (E, V ) ∈ U(n, d, k), H0(KL ⊗ E) = 0, therefore, (E ⊗ L, V ⊗W ) ∈
U(n, d+ nd′, k′k) 6= ∅. 
Assume now that 0 < d′′ < 2n and k′′ ≥ 1 with n ≤ d′′ + (n − k′′)g. If (n, d′′, k′′) 6=
(n, n, n), U(n, d′′, k′′) 6= ∅ (see Corollary 6.5 and [7, Theorem A]). Hence, from Theorem
7.5, we have the following Corollary.
Corollary 7.7. Suppose 0 < d′′ < 2n and k′′ ≥ 1 with n ≤ d′′ + (n− k′′)g. Let d′ ≥ 2g,
k′ ≥ 2 with d′′(k′ − 1) < d′n. If (n, d′′, k′′) 6= (n, n, n), U(n, d′′ + nd′, k′k′′) 6= ∅.
In the definition of the tensor product of coherent systems and in the proof of Lemma
7.2 we use that H0(KL ⊗ E) = 0. Such a condition seems very strong; however, for
coherent systems (E, V ) with V = H0(E) we have the following Proposition.
Proposition 7.8. Let (E, V ) be a coherent system with V = H0(E) and (L,W ) a coherent
system of type (1, d′, k′).
(1) If (E, V ) is generated and H0(L⊗M∗E) = 0, H
0(KL ⊗E) = 0.
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(2) If (E, V ) is injective, H0(KL ⊗E) = 0.
Proof. Suppose (E, V ) is generated. Tensor the exact sequence
(7.14) 0→M∗E → H
0(E)⊗O → E → 0
with
(7.15) 0→ KL →W ⊗O → IL → 0
to get the following diagram
(7.16)
0 0 0
↓ ↓ ↓
0 → KL ⊗M
∗
E → W ⊗M
∗
E → IL ⊗M
∗
E → 0
↓ ↓ ↓
0 → KL ⊗H
0(E) → W ⊗H0(E) → IL ⊗H
0(E) → 0
↓ ↓ ↓
0 → KL ⊗E → W ⊗E → IL ⊗ E → 0.
↓ ↓ ↓
0 0 0
The first part of the Proposition follows from the cohomology of diagram (7.16) once we
notice that H0(KL) = 0 = H
0(M∗E) and if H
0(L⊗M∗E) = 0, H
0(IL ⊗M
∗
E) = 0.
If (E, V ) is an injective, the Proposition follows at once from the cohomology of the
following diagram
(7.17)
0 0 0
↓ ↓ ↓
0 → KL ⊗H
0(E) → W ⊗H0(E) → IL ⊗H
0(E) → 0
↓ ↓ ↓
0 → KL ⊗ E → W ⊗ E → IL ⊗E → 0
↓ ↓ ↓
0 0 0
since H0(KL) = 0. 
Recall from [17, Lemma 2.6] that if B(n, d, k) 6= ∅ there exists E ∈ B(n, d, k) with
h0(E) = k. Hence, if G0(n, d, k) 6= ∅, there exists (E, V ) ∈ G0(n, d, k) with V = H
0(E).
The following Theorems follow from Lemma 7.4 and Theorem 7.5. The hypothesis in
each one allow us to define the tensor products of coherent systems of type (n, d, k) by
those of type (1, d′, k′).
Theorem 7.9. Assume 0 < d′′ < 2n and k′′ ≥ 1 with n ≤ d′′+(n−k′′)g and (n, d′′, k′′) 6=
(n, n, n). Let d = d′′ + nd′ and k = k′k′′ with d′ < 2g and 1 ≤ k′. If β(1, d′, k′) >≥ 0,
U(n, d, k) 6= ∅.
Proof. If β(1, d′, k′) ≥ 0, there exist coherent systems (L,W ) of type (1, d′, k′).
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For k ≤ n, from [7, Theorem A], U(n, d′′, k′′) 6= ∅ and any (E, V ) ∈ U(n, d′′, k′′) is
injective. From [17, Lemma 2.6] there exists (E, V ) ∈ U(n, d′′, k′′) with V = H0(E) and
from Proposition 7.8, H0(KL ⊗E) = 0. From Lemma 7.4, U(n, d, k) 6= ∅.
For k > n, from the hypothesis and the proof of Theorems 5.6 and 6.4 there exist
generated coherent systems (C, V ) ∈ U(n, d′′, k′′) with V = H0(C) and MC stable of
slope > 2g. Hence, for any line bundle L of degree d′ ≤ 2g, H0(M∗C ⊗ L) = 0 and from
Proposition 7.8, H0(KL ⊗ E) = 0. Therefore, from Lemma 7.4 U(n, d, k) 6= ∅. 
Corollary 7.10. Assume 0 < d′′ < 2n and k′′ ≥ 1 with n ≤ d′′+(n−k′′)g and (n, d′′, k′′) 6=
(n, n, n). Let d = d′′ + nd′ and k = k′k′′ with 0 < d′ < 2g and 1 ≤ k′. If β(1, d′, k′) ≥ 0,
for any Brill-Noether triple (n, d, k), U(n, d, k) 6= ∅. Moreover, there is an open set Z of
B(n, d, k) such that any E ∈ Z defines a α-stable coherent system for all α > 0.
For hyperelliptic curve we have the following Theorem.
Theorem 7.11. Let X be a hyperelliptic curve of genus g ≥ 3. Assume 0 < d′′ < 2n
and k′′ ≥ 1 with n ≤ d′′ + (n − k′′)g and (n, d′′, k′′) 6= (n, n, n). If d′ = 2(k′ − 1),
U(n, d+ nd′, k′k) 6= ∅.
Proof. Let L be the hyperelliptic line bundle over X . For 1 ≤ k′ ≤ g, h0(L⊗(k
′−1)) = k′
and the degree of L⊗(k
′−1) is d′ = 2(k′−1). As in Theorem 7.9 we get U(n, d+nd′, k′k) 6= ∅
after tensoring with (L,H0(L⊗(k
′−1))). 
Acknowledgements. The first author thanks P. Del Angel and F. Ongay for useful conver-
sations and acknowledges the support of CONACYT grant 48263-F. The second author thanks
CIMAT, where part of the work was carried out, for their hospitality and acknowledges the
support of CONACYT grant 61011. The first author is a member of the research group VBAC
(Vector Bundles on Algebraic Curves).
References
[1] E. Ballico, Coherent systems with many sections on projective curves, Inter. J. of Math. 17 (2006),
263-267.
[2] A. Beauville, Some stable vector bundles with reductive theta divisor. Manuscripta Math. 110
(2003), 343-349.
[3] U Bhosle, L. Brambila Paz, P. E. Newstead, On coherent systems of type (n, d, n + 1) on Petri
curves, preprint.
[4] S.B. Bradlow, G. Daskalopoulos, O. Garcia-Prada and R. Wentworth, Stable augmented bundles
over Riemann surfaces. Vector bundles in Algebraic Geometry, Durham 1993, ed N.J. Hitchin,
P.E. Newstead and W.M. Oxbury, LMS Lecture Notes Series 208, 15-67.
[5] S.B. Bradlow and O. Garcia-Prada, An application of coherent systems to a Brill-Noether problem,
J. Reine Angew Math. 551 (2002), 123-143.
[6] S.B. Bradlow, O. Garcia-Prada, V. Mun˜oz and P.E. Newstead, Coherent systems and Brill-
Noether theory. Internat. J. Math. 14 (2003),683–733.
[7] S.B. Bradlow, O. Garcia-Prada, V. Mercat, V. Mun˜oz and P.E. Newstead, On the geometry of
moduli spaces of coherent systems on algebraic curves, to appear in Internat. J. Math.
22 L. BRAMBILA-PAZ AND ANGELA ORTEGA
[8] S.B. Bradlow, O. Garcia-Prada, V. Mercat, V. Mun˜oz and P.E. Newstead, Moduli spaces of
coherent systems of small slope on algebraic curves, arXiv:0707.0983
[9] L. Brambila-Paz, I. Grzegorczyk and P. E. Newstead, Geography of Brill-Noether loci for small
slopes, Jour. Alg. Geom. 6 (1997), 645–669.
[10] L. Brambila-Paz, V. Mercat, P. E. Newstead, and F. Ongay, Nonemptiness of Brill-Noether loci,
Internat. J. Math. 11 (2000), 737–760.
[11] L. Brambila-Paz, Non-emptiness of moduli spaces of coherent systems, to appear in International
Journal of Mathematics
[12] D. C. Butler, Normal generation of vector bundles over a curve, J. Diff. Geom. 39 (1994), 1–34.
[13] D.C. Butler, Birational maps of moduli of Brill-Noether pairs, preprint, arXiv:math.AG/ 9705009.
[14] L. Ein and R. Lazarsfeld, Stability and restrictions of the Picard Bundles with an application to
the Normal Bundle, (Trieste 1989/Bergen 1989), London Math Soc. Lecture Notes 176 149-156.
[15] M. He, Espaces de modules de syste`mes cohe´rents, Internat. J. Math. 9 (1998) 545-598.
[16] A. King and P.E. Newstead, Moduli of Brill-Noether pairs on algebraic curves Internat. J. Math.
6 (1995) 733-748.
[17] G. Laumon, Fibre´s vectoriels spe´ciaux, Bull. Soc. Math. France, 119 (1991), 97-119.
[18] J. Le Potier, Faisceaux semistables et syste`mes cohe´rents,Vector bundles in Algebraic Geometry,
Durham 1993, ed N.J. Hitchin, P.E. Newstead and W.M. Oxbury, LMS Lecture Notes Series 208,
179-239.
[19] V. Mercat, Le proble`me de Brill-Noether pour des fibre´s stables de petite pente, J. Reine Angew.
Math. 506 (1999), 1–41.
[20] Montserrat Teixidor i Bigas, Existence of coherent systems to appear in International Journal of
Mathematics
[21] Montserrat Teixidor i Bigas, Brill-Noether Theory for stable bundles, Duke Math. J. 62 9, (1991),
385-400.
[22] K. Paranjape and S. Ramanan, On the canonical ring of a curve, Algebraic geometry and Com-
mutative Algebra in Honor of Masayoshi Nagata (1987) 503-516.
[23] N. Raghavendra and P.A. Vishwanath, Moduli of pairs and generalised theta divisors, Toˆhoku
Math. J. 46 (1994) 321-340.
[24] C. Yee, On the Brill-Noether map, preprint.
CIMAT, Apdo. Postal 402, C.P. 36240. Guanajuato, Gto, Me´xico
E-mail address : lebp@cimat.mx
Instituto de Fisico-Matematicas, Universidad Michoacana, Morelia, Mich. , Me´xico
E-mail address : ortega@ifm.umich.mx
